Abstract: We introduce a manifestly little group covariant on-shell superspace for massive particles in four dimensions using the massive spinor helicity formalism. This enables us to construct massive on-shell superfields and fully utilize on-shell symmetry considerations to derive all possible N = 1 three-particle amplitudes for particles of spin no greater than one. Throughout, the conceptual and computational simplicity of this approach is exhibited.
Introduction
The spinor helicity formalism has been a key ingredient in developing a purely on-shell formulation of S-matrix computations in four dimensions. This is because helicity spinors may be used as a complete description of the data of external scattering states (that is, their momentum and spin polarisation) without recourse to the unnecessary non-linear gauge redundancy of polarisations used in the Feynman rules. This can be coupled with on-shell methods, such as recursion and generalised unitarity, to perturbatively build the internal S-matrix structure out of on-shell units that bypass the need for the fictitious degrees of freedom that frequently arise in standard field-theoretic methods. However, the dream of a fully on-shell formulation of particle physics is far from realised.
Helicity spinors have been adapted to describe the kinematics of massive particles previously in [1] [2] [3] [4] [5] . This generally involved decomposing time-like momenta into two null vectors and then proceeding with massless helicity spinors to describe each of these in some way. However, the element of arbitrariness in this decomposition often convoluted the method, as sought-after patterns could easily be obscured by an inappropriate choice. Furthermore, this choice of direction often involved a spurious breaking of Lorentz invariance in the amplitudes.
An advance on this formalism was made in [6] , where the spinors of the null vectors were organised into representations of the little group for massive momenta, SU (2) . This symmetry represents the redundancy in the spinor description of momentum, analogous to the U (1) redundancy in the massless case. However, it may also be utilised to describe the polarisations of the external massive states, or better, to directly use symmetries to build amplitudes that have the required transformation properties of the external states under their individual little group rotations. While there was never a gauge ambiguity in the polarisations of massive particles in the Feynman rules, non-existent time-like components still source tension in a symmetric treatment of a 4-vector description of these fundamentally 3-vector objects (recent use in effective field theories was given in [7] ). Massive and massless particles may thus be treated on equal footing within the spinor helicity formalism.
Supersymmetry (SUSY) offers an idealisation that, in theories of massless particles, has enabled the utility of on-shell methods to be drastically extended. It is thus natural to look to supersymmetry as a testing grounds for on-shell methods for massive particles. We therefore here amalgamate the little group-covariant helicity spinors for massive particles with the formulation of an on-shell superspace in which external scattering states are grouped into supermultiplets without reference to an external spin direction. This makes the relations between the amplitudes imposed by the supersymmetric Ward identities (SWIs) transparent while simultaneously preserving the polarisation structures. See [8] for a review of on-shell superspace for massless particles. An on-shell superspace for massive particles was first constructed in [9] and we will rediscover their results along the way, albeit re-expressed in the covariant formalism. This helps to organise the amplitudes into Lorentz-covariant terms that are simpler to interpret, identify and construct.
After laying the foundation by writing the superalgebra in a little group covariant form and constructing covariant supermultiplets, we turn to N = 1 theories to exhibit the usage and utility of this formalism. We construct from first principles all possible three particle amplitudes, the most primitive on-shell scattering data, that are consistent with these symmetries and involve particle spins no greater than one. The on-shell supersymmetry allows us to simply catalogue the most general possible interactions given only the spectrum of a theory. It is also easy to further specialize by incorporating additional on-shell data such as the presence of a parity symmetry relating some component amplitudes to each other, or the absence of self-interactions for a vector in an Abelian theory. By studying the high energy or massless limits of superamplitudes, we may obtain the necessary dependence of the couplings on the masses of the external legs if the states are to be identified as elementary superfields.
This paper is structured as follows. In Section 2 we present the little group covariant on-shell SUSY algebra. This allows us in Section 3 to construct massive on-shell supermultiplets as coherent states of the supercharges in any reference frame. In Section 4 we discuss general features of superamplitudes and strategies for their construction, including the implementation of parity symmetry. We exhibit all of this technology in Section 5 to construct elementary three particle amplitudes for flat space N = 1 theories. We then conclude.
Little Group Covariant Superalgebra for Massive Particles
The general super-Poincaré algebra extends the Poincaré algebra to a graded Lie algebra in 4 dimensions through the introduction of N fermionic generators Q αA , Q †β B
, where α,β are SL(2, C) indices and A, B = 1 . . . N count the number of left-handed spinor supersymmetry generators. The Lie brackets of the generators of supersymmetry -or supercharges -with the generators of translations (P µ ) and rotations/boosts (M µν ) are (following [10] ) The automorphism group of the supercharges preserving the anticommutation relations is the R-symmetry group and will be discussed further in what follows. The 'central charge' Z AB = −Z BA = −(Z AB ) * is allowed for N > 1 and typically breaks the R-symmetry to a subgroup. We will be interested in the construction of superamplitudes, which package together scattering data for entire representations of the super-Poincaré algebra. Before discussing this, we will first rewrite the superalgebra using the massive spinor helicity language. This allows the spinor indices to be stripped out of the supercharges, leaving an elegant, frameindependent formulation of the algebra from which massive representations can be simply constructed. This provides an aesthetic improvement over previous treatments [11] in addition to setting up our discussion of superamplitudes.
In Appendix A.1, we present a lightning review of massive spinor helicity in which we also develop our conventions and provide relevant and useful identities. The reader can find there further introduction to the subject and the elementary mechanics which will not be remarked upon in the main text.
The external particles in a scattering amplitude are acted upon by the super-Poincaré generators as separate tensor factors of the scattering state. Each symmetry generator may therefore be represented on a scattering amplitude as the sum of its action on each external scattered particle. This will allow us to study symmetry generators and transformations on each leg separately. We will use spinor helicity variables to represent these generators, because these encapsulate the on-shell kinematic data for each leg. For massive particles, this means exhibiting the SU (2) little group symmetry by expressing the symmetry generators acting on each particle i in an appropriately covariant fashion. By construction, the momentum eigenvalue of particle i is pα
We can likewise define on-shell, little group covariant supersymmetry generators for each leg by projecting the supercharges onto the spinors of a given particle 2) where the factor of mass m i of the particle makes them dimensionless. Note that we are defining these operators as being restricted to single-particle momentum eigenspaces. For convenience, the inverse relations are given by
3)
The factor of 1/ √ 2 is just a normalisation convention and has been chosen here so that the little group covariant supercharges satisfy the anticommutation relations
(2.4) These hold only on a particular single-particle momentum eigenspace, the labeling of which we leave implicitly subsumed in the particle label i. Here Z i is the particle's central charge. Also of note is that, as a result of the way the massive spinors transform under conjugation, (q I,A ) † = −q †I,A and (q I A ) † = q †A I . As usual, the SU (2) little group indices may be raised and lowered using the Levi-Civita symbol. When the external legs are massless, the supercharges (2.3) become
The little group covariant supercharges satisfy the algebra
and the other anticommutators are zero. The stripping of the helicity spinor effectively exchanges manifest chirality for manifest spin polarisation (of which helicity is often a natural and useful example). For massless states, these are identical and each chiral spinor supercharge can only either raise or lower a state's helicity. However, for massive states, the supercharges in the form of chiral spinors will do a superposition of both, for the usual reason that chirality and helicity/polarisation are no longer identical. The little group here describes the freedom in choosing a spin direction as a state label, which determines how the chiral spinor supercharges are decomposed into supercharges characterised by polarisation.
In the simple case in which all legs carry a single, electric central charge, Z i,AB = Z i Ω AB , where Z i ∈ R while Ω AB = −Ω BA is a symplectic 2-form:
where 0 is the N × N zero matrix, while I is the identity of the same size. Specifically for N = 2, Ω AB = AB , Z i may be complex (corresponding to two central charges) and this central extension is general. The supercharge labels A, B give a manifest representation of a symmetry group that acts on q I A (and on q †IA in the conjugate representation) while preserving the algebra (2.4). If Z AB = 0, this would be SU (N ) (or U (N )), while for the central charge considered above, this would be broken to U Sp(N ). The symplectic 2-form Ω AB may then be used to convert U Sp(N ) tensor representations (such as the supercharges) into conjugate representations (i.e. raise and lower the explicit R-indices) in the way that the Levi-Civita tensor does for SU (2) .
For |Z i | < 2m i , the relations (2.4) may be simplified. Unlike for massless particle representations, the generators q I,A and their conjugates q †I,A may mix because their index heights may be changed by IJ and Z AB . This allows for a rotation into a basis that canonicalises the anticommutators. This basis is given bȳ
where D = 2
. Theq I,A and their conjugates then satisfy the anticommutation relations without a central charge:
In such cases, representations of the supersymmetry algebra may be constructed with a structure identical to that of the case with Z i = 0, although such multiplets still carry central charge (and this would still appear in relatingq I i,A andq †I,A i to Q αA and Q †β B for these states). Henceforth, this redefinition of the particles' supercharges will be implicit in subsequent discussions of SUSY representations with central charges satisfying |Z i | < 2m i and the bars on the diagonalised supercharges will be omitted.
The relations (2.9) illustrate the symplectic R-symmetry of the massive representation. While (2.4) has a manifest U Sp(N ) R-symmetry, because the supercharges can mix with their conjugates while preserving the SU (2) little group symmetry, the full R-symmetry group is actually determined by all of the automorphisms that preserve the anticommutation relations (2.9). Grouping the supercharges into a 2N length vector
), where a = A for a ≤ N and a = B + N for a > N , (2.9) may be combined into the relation
Here Ω ab is a 2N × 2N symplectic 2-form. Thus the anticommutator is effectively itself a symplectic 2-form and the R-symmetry is enhanced to U Sp(2N ) [12] . However, it is often broken by interactions. The enlarged R-symmetry does not occur for massless representations of the SUSY algebra because the non-zero supercharges have definite opposite helicity and cannot mix. The case |Z i | = 2m i is the special BPS limit. This typically occurs for elementary particles which obtain mass through Higgsing of a vector multiplet [13] . The redefinition of supercharges that give the canonical anticommutation relations described above fails in the BPS limit. This is because, for these representations, half of the number of supercharges are eliminated through the reality constraint
The phase of Z i may be absorbed into a redefinition of the supercharge. Calling this timē q i,IA = q i,IA e −i(arg Z)/2 , the BPS condition reduces tō
This condition again preserves the supersymmetry algebra. Clearly, BPS states are annihilated by the combinationq IA i +q †IA i
. For the central charge considered above with Z AB ∝ Ω AB , the multiplet is 1/2-BPS as it is annihilated by half of the supercharges. Configurations with multiple central charges are also possible in which some smaller fraction of supercharges annihilate the state.
The explicit SU (N ) symmetry of the SUSY algebra, which is broken to U Sp(N ) by the central charge of these massive single particle states, is therefore the massive R-symmetry group expected for a theory with half of the number of supersymmetries. A 1/2-BPS state in N -SUSY may be represented as a massive non-BPS state of N /2-SUSY. For example, for the simplest spontaneous symmetry breaking pattern in N = 4 SYM, the massless SU (4) R-symmetry is broken to U Sp(4) when the central charge is generated. As the former is unbroken by dynamics and imposes stringent selection rules on scattering amplitudes at the origin of the moduli space, the latter should also be respected by the dynamics and organise the transition matrix structure away from the origin. See [14] for further discussion. Further elaboration upon the representation of BPS states in scattering amplitudes has been recently made in [15] .
More generally, with more complicated configurations of active central charges than the simple case discussed above, for each 1/2-BPS leg there is nevertheless an SU (N ) R-basis in which the central charge can be rotated into the form Z i,AB ∝ Ω AB . In such a basis, the representation of the leg's supercharges is just as described. However, as this basis is different for each leg, the linear combinations of supercharges that annihilate each state may differ by a SU (N ) rotation matrix, which must be accounted for when adding together the total supercharges. The R-symmetry group will also be broken further beyond U Sp(N ), but this will still be a symmetry restricted to the algebra of a single leg's supercharges.
On-Shell Supermultiplets
We seek here to construct scattering amplitudes for supersymmetric theories, so need to understand the structure of supersymmetric scattering states. Scattering data is simplified considerably by the grouping of component states into coherent states of the supersymmetry algebra, known as 'on-shell superfields'. For these scattering states we may describe their collective S-matrix entries using superamplitudes, which manifest both the supersymmetric Ward identities in a simple manner.
For massless theories, on-shell superfields have been established as a convenient organisation of the representations [16] . The on-shell superspace was first conceived of in [17] for N = 4 super Yang-Mills (SYM) and was employed later in [18] to formulate the supertwistor space representation of tree-level scattering amplitudes in these theories (it is worth noting that an off-shell superspace formulation of N = 4 SYM does not yet exist). In particular, for N = 4 SYM, it makes transparent the classification of the amplitudes into sectors of a fixed order of helicity violation, which close under both supersymmetry and R-symmetry [19] [20] [21] . This enabled the formulation of the super-BCFW shift [19, 21] and the subsequent construction of all tree amplitudes and loop-level integrands in the limit of large gauge group dimension [22] [23] [24] , as well as the elucidation of the dual superconformal symmetry and dual twistor representations of amplitudes on complex projective space [20] . See [8] for a review of these topics. Amplitudes in theories with fewer supersymmetries have also been formulated in an on-shell superspace in [16] , where on-shell superfields for N < 4 massless theories were constructed. We refer the reader to these papers and the review for details of the construction of superamplitudes for massless theories, and now turn to the construction of massive supermultiplets.
General on-shell superspaces for massive states have been previously developed in [9] . However, the manifestation of the massive little group for the external legs will allow us to improve upon the presentation of this exposition, as well as providing flexibility to choose a spinor basis best suited for the study of particular phenomena, such as high energy limits or complex momentum shifts. Much of the subsequent discussion here will parallel that of [9] , with the improved organisation offered by the little group. This has been utilised more recently for N = 4 super-Yang-Mills in [25] and will be elaborated upon in this context in [14] .
From (2.9), the massive supersymmetry algebra is that of N fermionic oscillators, where N = 2N if the representation is not BPS, but can be reduced by up to a factor of 1/2 if shortened. Supermultiplets may be represented as coherent states which are eigenstates of N 'lowering operators'. To build these states we introduce Grassmann variables which transform in the little group of each particle η A i,I , as well as their conjugates η †I i,A . The labels here match those of the supercharges q I i,A . In this section, we will restrict our attention to multiplets which are not BPS, in which case the oscillator index may be identified with a supercharge R-index ('A' in the symbols just introduced). Following the conventions of [8] , all particles will be represented as outgoing scattering states. We will reverse the heights of R-indices relative to this reference.
To ensure little group and R-covariance, either all of the q i,IA or all of the q †A i,I will be chosen as the lowering operators. These will have some Clifford vacuum states, Ω| and Ω , which are annihilated by either set. Generally, any linear combination of q i,IA and q †A i,I for each such pair can be chosen as annihilation operators, the choice of which corresponds to the selection of a particular state in the multiplet as the Clifford vacuum in the superfield representation, but a choice that yields the most manifest symmetries is arguably desirable.
An entire supermultiplet may be encoded as a coherent state
where η A i,I are anticommuting Grassmann algebra generators. As is clear in this definition and will be made manifest below, the entire superfield transforms coherently under little group transformations with the same little group weight as the Clifford vacuum. The action of the supercharges on the states generalizes the action for massless particles described in [8] , where little group and R-indices of the supercharge must be tensored together and then decomposed. These are eigenstates of the annihilation operators, satisfying
). The Grassmann Fourier transform may be used to define a basis of conjugate states. It is defined with its inverse respectively as:
The fact that both the two different η and η † representations for the same supermultiplet exist and are related by the Fourier transform will be useful in constraining the form of superamplitudes.
In the η basis, the supercharges act as (assuming for simplicity the absence of central charges)
where small |θ A and θ A parameterise a linearised supersymmetry transformation. The supercharges may therefore be represented as linear operators on the superamplitudes
or on individual legs:
.
(3.5)
Supersymmetry transformations of both types act simply on these coherent states:
Here, ξ A I = θ A i I and ξ †I A = θ A i I parameterise the supersymmetry transformation projected onto the spinors of leg i of the appropriate chirality. The action of the supercharges encoded in (3.6) give the supersymmetric Ward identities relating the components.
Note that in the massless limit, following the rules (A.8), η i,− → η i matches onto the Grassmann variable that would be associated with the massless superfield. Massless analogues of the previous formulae may be obtained in this way. For reference, massless coherent states are defined here as
Superfields
The coherent state construction generically gives component fields in reducible representations of the little group and R-symmetries, which need to be disentangled to locate the field content. The structure of these vary significantly with the number of supersymmetries. We consider first the simple case of N = 1. The states in the multiplet are generated by acting q I on the Clifford vacuum and then decomposing the resulting little group tensors into irreducible representations, which will be further constrained by the needed fermionic antisymmetry of the supercharges. Choosing the Clifford vacuum to be a scalar φ = Ω|, the resulting states are then
Because the tensors are antisymmetric, the stateφ IJ = − IJφ is decomposed into a single scalar degree of freedom. The states of the chiral supermultiplet may therefore be arranged into coherent state
All states in the multiplet must have identical internal quantum numbers (except for possible U (1) R charges). If the multiplet is self-conjugate, then the fermion is Majorana and the scalars are permitted to have opposite R-charges. Otherwise (as is necessary if the field is in a complex representation, like a quark in superQCD), an anti-superfield is required with conjugate internal quantum numbers which may be constructed similarly. Component fields can be extracted from the full superfield via Grassmann derivations. In this simple case we have the mapping
which generalizes straightforwardly to other theories. By the equivalence of Grassmann differentiation and integration, the derivatives may be replaced by integration. The Grassmann differential operators above can be used to extract component amplitudes in the usual way as for massless superamplitudes.
In the massless limit, the superfield decomposes into components that may be described by opposite helicities:
with
where η − → η and η + → η † with η the Grassmann number that would represent the supercharge that acts non-trivially on the massless multiplet.
We can next construct a vector superfield by starting with a fermionic Clifford vacuum. Because the two spin components of the fermion belong to different supermultiplets (that is, the vector multiplet does not contain its CP T -conjugate states), a little group covariant representation necessitates that two multiplets be combined to create an on-shell superfield that itself transforms in a non-trivial representation of the SU (2) little group, where each multiplet contains states of opposite spin projections. Here, this amounts to combining two Clifford vacua into an SU (2) fundamental representation to describe the two polarisation states of a fermion's degrees of freedom. The superfield is
where the components have already been decomposed to give the spin-1/2 fermion highestlevel stateλ, while we have both a real scalar H and a massive vector W (IJ) at the first level. We can extract the different irreducible representations of the little group via 1 2 ∂ ∂η I W I = H, and
Taking the massless limit again, the massive vector supermultiplet decomposes into the two helicity components of a massless vector superfield and those of a massless chiral superfield as
14)
, combines with the scalar H to give the two real scalar degrees of freedom in the massless chiral superfields.
For N = 2 without a central extension, we essentially just have two copies of the N = 1 superalgebra. There is only one supermultiplet to construct here, namely that which starts with a scalar Clifford vacuum, as any other choice takes us into supergravity. The other familiar N = 2 supermultiplets are short multiplets. Expanding the coherent state and keeping the R-indices gives the superfield
Each term has been decomposed into irreducible little group and R components (remembering that AB may be used to raise and lower the SU (2) R-indices). The Grassmann order 3 and 4 terms respectively represent a pair of chiral fermions related by R-symmetry and a scalar. The fermionψ I A may be extracted by the action of the Grassmann derivatives for each of the Grassmann variables except η A I . Fermion statistics of the Grassmann generators implies that the Grassmann order 2 terms must be symmetric in either little group or R indices, hence the little group triplet vector and R-triplet scalars. The scalars φ (AB) may be extracted by the action of . This superfield will be discussed further in [14] as a short multiplet in N = 4 super-Yang-Mills.
Constructing and Constraining On-Shell Superamplitudes
We wish to write down superamplitudes which package together the scattering data for full representations of the super-Poincaré algebra and allow for amplitudes of component states to be projected out in a simple manner. In this form the SUSY Ward identities will be simply represented. We first discuss general features of superamplitudes in 4.1 with a focus on three legs, and then lay out useful strategies for building them in 4.2, with a focus on N = 1. In 4.3 we discuss the imposition of parity symmetry at the level of the superamplitude. We assume in this section the absence of central charges.
SUSY Invariants and the η, η † Bases
Invariance under supersymmetry implies that each n-leg superamplitude, A n , must be annihilated by the supercharges. In the η basis defined in Section 3, the multiplicative action of Q † implies that Q † A n = 0 is solved if and only if A n is proportional to the delta function
A straightforward calculation using momentum conservation shows that this delta function is also invariant under supersymmetry transformations by Q Aα . However, as these transformations are not multiplicative, this does not exhaust the constraints from Q transformations.
If we had instead put all of our external states in the η † representation, the Q supercharges would act multiplicatively and the Ward identity QA n = 0 would instead imply that the amplitude is proportional to the delta function
The Fourier transform of this delta function,
also a supersymmetric invariant in the η basis, as can be seen by commuting Q, Q † through the exponential. For amplitudes with massive particles, including three-leg amplitudes, this Fourier transformed delta function is always of degree at least as large as δ (2N ) (Q † ). Exceptions do exist in situations involving three-particle superamplitudes between BPS states in theories with extended supersymmetry. This will be elaborated upon further in [14] , but we will merely comment here that, in these cases, some subset of the supercharges degenerate. The supersymmetric invariant in will instead be the product of all of the distinct supercharges. This is similar to the case of three massless particles, where, for example, special kinematics can imply that if the square brackets are nonvanishing, then Q †A Q †A = 0. The supersymmetric invariant must instead be taken as
, with |q a reference spinor satisfying qi = 0 for all |i , which matches δ (2N ) (Q).
The existence of the different η or η † bases for the same superamplitude yields a restriction on its maximum Grassmann degree from knowledge that the delta functions are the lowest Grassmann degree invariants. This restriction is especially important for the construction and classification of three-leg superamplitudes. For any number of massive external particles, we can always write a three-leg superamplitude in either basis as
where F,F are so far undetermined and are also functions of momentum spinors. Naïvely, these functions could have maximum Grassmann degree N (M + 3), where M is the number of massive legs, since this is the number of independent Grassmann variables we have. However, from above we know that the Grassmann Fourier transform relates fields in the η basis to those in the η † basis and thus such a transform of all legs relates the superamplitude in the two bases. That is, A 3 | η = A 3 | η † . The Grassmann Fourier transform roughly returns the set complement of the η † s in the original expression from the total number of ηs (a full discussion of the Grassmann Fourier transform may be found in Appendix A.2). So we end up with
denoting by
[X] η the Grassmann degree in η of some polynomial X. However, the Grassmann degree of A 3 | η † is at least 2N , because this is the minimal Grassmann degree for the SUSY invariant to which it must be proportional. Hence we have the inequality
Of course, the same reasoning holds with F replaced withF . 1 This simplifies our task of constructing general three-leg superamplitudes as we need only understand the structure of appropriately invariant functions of Grassmann degree 2N at most.
Strategies for Enumerating Amplitudes without Central Charges
The main goal will be to construct three-leg superamplitudes in all simple supersymmetric theories with spins ≤ 1. We presently discuss the procedure in brief and outline a number of simplifications. Now that we only have a small number of Grassmann orders to worry about at most, our task will be to construct the function F which multiplies the SUSY invariant delta function for various theories. This function is constrained by the little group covariance of the amplitude, which is set by the external legs as in the N = 0 case. Supersymmetrically, it is constrained by the Ward identities, since half of the supercharges act derivatively. An important benefit of our representation of the supercharges (3.4) is that they are of uniform degree in η and consequently these constraints do not mix up different Grassmann orders. This simplifies the procedure so that we may construct the amplitude order by order in η. 1 As remarked previously, the situation is modified in the case of three massless particles because there is a SUSY invariant with Grassmann degree N . In this case, SUSY directly implies that the only possible Grassmann structures are δ (2N ) (Q † ) and δ (2N ) (Q). The case in which the particles are BPS is also exceptional and will be explained in [14] .
At each order, the F factor consists of a sum of monomials in Grassmann variables. As the delta function is little group invariant, each of these terms must carry the little group representations of the superfield legs. The Grassmann variables themselves transform in non-trivial little group representations, so must be combined with coefficients built out of spinors in such a way as to give the necessary representation of the superamplitude. The possible combinations of spinors that satisfy this then correspond to the possible terms that are permitted by supersymmetry and Lorentz invariance. For example, a superamplitude with three massive spin-1/2 legs will have an F factor with a single spin index for each leg (F I 1 J 2 K 3 ). An example of a candidate term with Grassmann degree 1 is then c
where the Grassmann variable from leg 1 contains a little group index for that leg, while the coefficient's tensor structure is then determined by that of F IJK and η 1M .
Each Grassmann variable carries either a fundamental SU (2) index for a massive leg or a helicity weight of magnitude 1/2 for a massless leg. The rank and helicity weight of the representations of the possible coefficients are determined by the possible combinations of Grassmann monomials with the required little group structure. We define the 'total little group weight' h of a superamplitude to be h = massive legs
for spin s i (helicity h i ) of the massive (massless) leg i. Each coefficient of the Grassmann monomials must involve an even number of contracted spinors (as the superamplitude is a Lorentz scalar). This implies that terms with an even number of Grassmann variables cannot arise if h is odd for the amplitude. Likewise, if the amplitude as a little group tensor has even h, only even Grassmann degree terms are consistent.
The possible tensor coefficients of the Grassmann monomials may be constructed similarly to the way in which S-matrix amplitudes are constructed in [6] . The coefficients like c I 1 J 2 K 3 M 1 above may be expanded in a tensor basis spanned by a massive spinor of our choice for each of the required little group indices. We are then left to construct, for each monomial, an SL(2, C) Lorentz tensor with the correct little group weight for the massless legs and massless Grassmann variables, which we may do by identifying a tensor basis and enumerating the possibilities as done in [6] .
A similar procedure to that used in [26] may be used to determine F . As F is ambiguous up to the addition of terms ∝ Q † (as these are annihilated by δ(Q † )), arbitrary linear combinations of this supercharge may be added to simplify the superamplitude. The two components of each supercharge can be used to eliminate two Grassmann variables entirely from F (for example, the two little group components of a particular massive leg). We may then apply the supersymmetry constraint QF = 0 to relate the spinor coefficients of different Grassmann monomials to each other.
An exceptional feature appears in the special case of a three-leg amplitude for two massive, equal-mass particles and one massless particle. In this special kinematic configuration, one finds that there is an additional object that can carry the little group weight of the massless particle. Following [6] , this is
where 3 is the massless leg, m is the mass of legs 1 and 2, and |q] is an arbitrary reference spinor defined so that [q3] = 0. In this unique case, the special kinematics of the legs implies that p 1 ·p 3 = − 3| p 1 |3] = 0 and so p 1 |3] ∝ |3 . The constant of proportionality is x, which, as a SL(2, C) scalar, nevertheless carries helicity weight 1 of leg 3. In no other kinematic configuration of massive legs in a 3-particle amplitude does such an alignment of massless spinors occur in which the relative orientation is described by a single scalar. This is the reason that (4.6) is independent of the reference spinor, despite its necessary appearance in inverting
, and also the reason that such a helicity-weight carrying scalar object doesn't exist in other kinematic configurations.
With this general method established, we turn to the construction of elementary amplitudes in simple SUSY theories, after first digressing to discuss parity.
Parity
While not obligatory, many theories exhibit parity (P ) symmetry. We here explain how this acts upon on-shell superfields, from which relations between superamplitudes in a parityinvariant theory may be deduced. Details about the construction and spin quantisation of spinors can be found in Appendix C of [27] .
As for general chiral spinors, parity acts on the super-Poincare group as [28]
where P ν µ = diag(1, −1, −1, −1). The action of parity on the coherent states may be determined by its action on the Clifford vacuum and on the spinor-stripped supercharges q, defined in (2.2). It is important to remember here that these have been implicitly defined with restriction to a particular momentum eigenspace. The operators q i and q † i , through their particle labels, implicitly also carry momentum labels. Under the action of parity, they are mapped to their representations on different momentum eigenspaces.
For massless legs, noting that
for a phase ϕ, the action of P on the supercharges q i and q † i is derived from (4.7) to be
Here, Pi denotes leg i with inverted 3-momentum. Note that helicity spinors are defined up to a convention-dependent, arbitrary overall phase, which must be implicitly made in the definition of the spinor-stripped supercharge. This effectively determines an arbitrary phase multiplying the (complex) Grassmann variables η A in the coherent states, which, as will be shown below, can be defined to absorb these factors in the parity-conjugate superfield.
The existence and action of P is a model-dependent property. Depending upon the theory, supermultiplets may be self-conjugate or mapped to distinct supermultiplets. Massless spinning particles must be mapped to states with opposite helicity, which are usually part of a distinct supermultiplet. However, because of (4.7), massless scalars and massive spinning particles, at least when selected as Clifford vacua, must also be mapped to states of distinct weight (in the same or possibly different multiplets) for consistency with SUSY. For theories with this property, the action of P on a massless coherent state may be determined as follows. Taking for example the left-handed chiral multiplet Φ − in (3.12) and explicitly labeling its 3-momentum p, 10) calling the Grassmann variable of the parity conjugate coherent state η † − p = ie iϕ η p , absorbing the phase from the transformation of the supercharge. Here, the Φ + denotes Grassmann Fourier transform of the chiral superfield Φ + in (3.12) (which, in general, need not have any other necessary relationship with Φ − ). Finally, ζ φ is an intrinsic parity assigned to the scalars (note that the Clifford vacuum is not a parity eigenstate).
Similarly,
where the Clifford vacuum for Φ + maps under parity as λ
− p (and analogously for the other coherent states). The factors of ζ X are possible phases associated with intrinsic parity of the Clifford vacuum. For example, in SUSY QED, the action of parity on the photon's multiplet would introduce a factor of ζ g + = −1 in (4.12) because of the intrinsic parity of the photon.
For massive legs, the null vectors that constitute the little group decomposition of the massive momenta transform in the same way as (4.8) under 3-momentum inversion:
Helicity reverses under parity because, while spin is invariant, the quantisation axis (defined as the 3-momentum) reverses. The massive little group components are expressed with respect to some external quantisation axis, rather than the 3-momentum, so should not change under parity. This is the reason that the phases that accompanied the transformation of the massless helicity spinors (and subsequently the supercharges) do not arise here. The massive supercharges therefore transform as
Calling η † − p,I = iη p,I , the action of P on a massive chiral superfield is 16) where, depending upon other quantum numbers, Φ may or may not be equal to Φ. The scalar Clifford vacuum is importantly mapped to the scalar of opposite weight in the other superfield: φ →φ . For a massive vector, the transformation is similar but with fermionic Clifford vacuum mapped to the other fermionic degree of freedom in the multiplet with the same polarisation
where again W may or may not be distinct from W. Parity invariance of a theory implies equality of the superamplitudes of a set of particles with that of their parity conjugates. Given the results above, this may be stated as
where X P is the parity conjugate superfield of X (while we have written the Fourier transforms in (4.18) in the form specific for massive coherent states, they should be reinterpreted as their massless analogues for each massless leg). In other words, to relate couplings between superamplitudes in a parity symmetric theory, any superamplitude A n (X p 1 , X p 2 , . . . X pn ) must be equal to that obtained by taking the superamplitude of the parity conjugate multiplets, Fourier transforming and then reversing the 3-momenta using (4.15), (4.14) and the relations between Grassmann variables η † − p,I = iη p,I and η † − p = ie iϕ η p . Kinematicdependent phases appearing in (4.18) from the use of (4.8) and (4.14) may be dropped, representing arbitrary phases in the polarisations of the external legs.
N = 1 Three-Particle Superamplitudes
In this section we systematically construct the possible three-particle superamplitudes for scattering of N = 1 chiral and vector superfields and identify the types of theories to which they would belong. We furthermore discuss the dependence of the couplings on the masses of the different legs, how they behave in different limits and how they may appear in "treeunitary" theories [29] . In Appendix B, we additionally present some well-known results for higher leg amplitudes recast in the little group invariant helicity spinor language.
Three Chiral Supermultiplets
We begin with the case of three massive chiral supermultiplets, and will then find the cases with massless chiral supermultiplets via appropriate limits. Our representation of the massive chiral superfield is given in (3.9). This three-point superamplitude has the general form
where, from Section 4.1, F (η I i ) is at most a second degree polynomial and, since it has total little group weight h = 0, contains only even orders in η. Since the Ward identities do not mix different Grassmann orders, we may construct each i-th order Grassmann term F (i) separately.
We will illustrate the general procedure by explicitly deriving the superamplitude from first principles using the method described in Section 4.2. From little group scaling, F (0) is fixed to be a constant which we call λ. The second-order function can be simplified by using the supercharge conservation constraint imposed by the delta function, Q † = 0. We can use this to eliminate any dependence on η 3I , which then leaves us with
The Ward identity QF (2) = 0 is a first-order Grassmann equation and results in two independent spinor equations (bm 2 − 2d 1 ) 1 I + cp 2 1 I = 0 and similarly with 1 ↔ 2. The independent constraints may be found by contracting with [1 I | and 1 I | p 2 , which allows one to solve for d 1 in terms of b and find c = 0. Along with the same procedure for the other equation, this yields
The full superamplitude is then
When all of the legs are identical the superamplitude can be written in the manifestly exchange symmetric form
We have here redefined the coupling b to make it dimensionless. There are three special cases to consider corresponding to the number of different massless legs. Firstly, the massless limit m 1 → 0 may be taken directly on (5.4) to produce the most general expected superamplitudes
These expressions are independent of whether m 2 = m 3 . We have assumed that the coupling b is unaffected by the limit, which is self-consistent. Similarly, taking the subsequent limit that m 2 → 0 results in the superamplitudes for two massless legs:
It is again being assumed that the couplings present no obstruction to this, which is clearly self-consistent.
In the high energy limit, the superamplitude (5.5) does not diverge with inverse powers of a mass scale because of the special 3-particle kinematics. Note that
as m → 0 for some (complex) energy, depending upon the kinematic configuration that is converged to (individual spinor mass limits can be found in (A.8) ). The superamplitude converges to (at leading order in energy)
where Φ ± are the massless superfields in the notation of (3.12). For the latter kinematic configuration, the delta function is 12) which is a Grassmann order 1 supersymmetry invariant that is the Fourier transform of δ (2) (Q) in the η † basis. In the first term of (5.9), [ij] → 0, while in the second, ij → 0. The (−) sign accompanying the second term arises because the Grassmann variables η † i must anticommute past the fermionic Φ + i states. Note that if the limit that all particles are sent massless at the same rate is instead taken, then (5.9) is exact, rather than merely leading. The fully massive superamplitude (5.5) contains helicity violating couplings that, in the high energy limit, scale as massdependent constants and cannot be expressed as a massless superamplitude.
This massless limit is to be expected from field theory, where the three scalar component amplitudes contained in the two surviving superamplitudes are expected to vanish in the massless limit according to the superpotential. Also of note is that the massive superamplitudes (5.4) are totally determined by two parity conjugate sets of couplings. That there are no others is not completely obvious from a Lagrangian derivation, where the possibility of spontaneous supersymmetry breaking has to be explicitly checked for a given holomorphic superpotential. Here, constraints from unbroken supersymmetry are more directly applied. It automatically follows that candidate holomorphic superpotential terms, such as tadpoles and quartics that would naively give interactions that do not conform to the structures derived here, must induce spontaneous supersymmetry breaking.
The only remaining massless superamplitudes are those of superfields with mixed helicity. These are determined by symmetries to be (up to a coupling constant)
However, these superamplitudes have peculiar locality properties. While non-divergent in the real momentum limit, they are also non-zero, being unsuppressed by helicity conservation [30] . These are the supersymmetrisations of the helicity conserving scalar-fermionfermion 3-leg amplitude found in [31] . Consistent factorisation properties of 4-leg amplitudes were used to rule this out. Notably, while consistent with symmetries, they do not appear in the massless or high energy limit of the massive superamplitudes. The theory of a single chiral supermultiplet has an accidental parity symmetry. This is a model-dependent and needn't be a general property of this three particle superamplitude. However, we take the opportunity to comment that parity may be imposed as described in Section 4.3 to relate the two otherwise independent couplings. Ignoring the possible non-trivial intrinsic parity phases, this gives b = λ, in agreement with the massless and massive cases. The Wess-Zumino three-leg superamplitude is then
It would be interesting to find an on-shell condition from which the accidental parity is derived as an outcome. One would have to study higher leg amplitudes in this theory with only a single chiral supermultiplet in order to derive this feature. In this regard, it would also be interesting to find how holomorphy of the superpotential is represented in the S-matrix. In the case where all particles are massless, each holomorphic composite operator in the superpotential contributes a contact interaction inducing a (super)amplitude that is holomorphic in helicity. The rest of the S-matrix is presumably then generated by consistent factorisation involving these. Mass mixes states of different helicities, so produces a violation of this pattern of helicities induced by the holomorphic contact interactions. The on-shell superspace significantly clarifies the pattern, the foundations of which were described in [1] at the level of "seed" M HV component amplitudes with the fewest legs.
One Massless Vector
We next turn to the case of two chiral supermultiplets interacting with a massless vector multiplet. This includes matter interactions in supersymmetric gauge theories (like superQCD). Because of this, in this section we refer to the chiral supermultiplets as quarks and the vector fields as gluons. Specifically in superQCD, the states of the quark supermultiplets arrange into the following on-shell superfields: 15) where Q are the quark and Q are the antiquark states. The L and R subscripts identify each of the squarks. The arrangement of the states is to be contrasted with the fieldtheoretic off-shell superfields. However, while we will use the symbols Q and Q to denote the chiral superfields in what follows, we will not be committing to identifying them with any particular theory beyond what we will find to be possible to construct.
It is easily shown using the methods of Section 4.2 that a three-leg superamplitude between two massive chiral multiplets and a massless vector multiplet is impossible unless the chiral multiplets have equal mass. This case is distinguished by the existence of x, which will allow for expressions with the required little group scaling to be constructed.
The G + and G − superamplitudes have total little group weights h = 2 and h = 1 respectively. The superamplitude for the positive helicity gluon superfield is simplest to construct as little group scaling immediately gives the unique form
where x is defined in (4.6) and g is the coupling constant (which may have suppressed dependence upon possible internal quantum numbers of the states). For the negative helicity superamplitude, little group scaling, supersymmetry invariance and the Grassmann counting rule of Section 4 determine the superamplitude up to a single coupling constant b:
That the superamplitudes are determined here by a single coupling constant is a reflection of the fact that the anomalous magnetic dipole moment of matter fermions in N = 1 gauge theories is exactly zero [32] . Supersymmetry determines the fermionic coupling to the gauge bosons from the scalar coupling, which has only one possible Lorentz structure.
Thus far we have not actually assumed anything beyond particles 1 and 3 having equal mass. However, these superamplitudes are antisymmetric under exchange of the two matter fields 1 ↔ 3 (through x). As the superfields Q and Q are bosonic, this implies that they must be distinct (the same argument applies to couplings of matter to massless vectors without supersymmetry as well).
Parity may additionally be imposed. Assuming that the Q and Q multiplets are both self-conjugate under P (the minimal assumption), this implies that b = g. Parity invariance was an assumption used in the derivation of the Lie algebra structure of the matter couplings from consistent factorisation [6, 33] , which is unaffected by the quark masses (with massless matter, CP also suffices, which justifies it for chiral gauge theories). It would be interesting to clarify the role of the discrete symmetry needed to relate the amplitudes on each side of the factorisation channel. In Yang-Mills field theory, this symmetry is accidental. In the examples below, we always find parity emerge in the high energy limit of massive amplitudes, as well as the massless limits of individual legs, in the terms that match onto sensible amplitudes of massless vectors.
It is interesting to note that the U Sp(2) massive R-symmetry of the SUSY algebra is broken in this theory because the gaugino couplings distinguish between the two squark states. The identification of the squarks as L and R is determined by the helicity of the gaugino that couples to them (the squarks are then oppositely charged under the residual unbroken massless U (1) R ). This is ultimately a reflection of the breaking of the U Sp(2) R by parity symmetry, which distinguishes between the two squarks. This would be restored in an N = 2 gauge theory, where the gauginos are Dirac fermions.
One Massive Vector
We next consider the three-leg superamplitude of two massive chiral multiplets and a massive vector multiplet, as may occur in a Higgsed gauge theory. Repeating the procedure as in previous sections, we can reduce the amplitude to . This is consistent with our finding above that there was no consistent three-leg superamplitude for a massless gluon and two unequal mass chiral multiplets.
More interestingly, if m 1 → m 3 at a rate |m 1 − m 3 | ∼ O(m 2 ) as m 2 → 0, then nonzero superamplitudes involving massless vector multiplets may be recovered if d 2 remains a dimensionless constant. The reference spinors that appear in the factors of x do so through the spinor limits in (A.9). This leaves the parity-symmetric terms in the superQCD amplitudes with b = g = d 2 , as well as the three-chiral superamplitudes mentioned above. As alluded to above, parity in the vector coupling emerges in this special limit.
If we instead take the third leg massless, we find smoothly 21) which are alternatively determined purely from symmetries. These expressions hold regardless of whether m 1 = m 2 or not. It is being assumed here that d 1 and d 2 do not vanish or diverge in this limit, which is self-consistent (they may still differ from their counterparts in (5.18) by terms of O(m 2 )). Taking the further m 1 → 0 limit of these superamplitudes requires d 1 ∼ m 1 in (5.20) and yields 22) where we have omitted the coupling and provided the dependence on mass necessary to realize the final massless limit smoothly (so d 1 ∼ 1/m 2 and d 2 constant). The case in which the chiral multiplets have the same helicity is forbidden by symmetries, so does not appear in the limit. Taking finally m 2 → 0, only the transverse polarisations interact non-trivially (see comments about the superamplitudes of mixed helicity chiral supermultiplets in Section 5.1). It is easily verified that A(Φ
. This is expected from the Higgs mechanism if the massive vector is coupled to massless matter.
In the high energy limit (taking all masses small simultaneously at the same rate), then it can be verified that
In the W + limit, the coupling d 2 is the cubic coupling among chiral multiplets, while d 1 is the parity conjugate coupling. The couplings of the chiral multiplets to the massless vectors are dermined by linear combinations of these weighted by combinations of the masses. The possibility of distinct couplings d 1 and d 2 allows for parity violation in the massive superamplitudes and accounts for the way in which the massive amplitudes can combine together states of different helicities that would otherwise be described as having different interactions. Despite the observation that chiral multiplets coupling to massless vectors must have the same mass, there is not inconsistency with the massive multiplets having different masses in the high energy limit.
Two Vector Superfields
We next turn to three-leg superamplitudes with two vector superfields and one chiral superfield. Starting with the case of one massive leg, we first look at a massive chiral superfield decaying into two massless vectors. The case where the massless decay products are instead both matter fields was addressed in Section 5.1, while no consistent superamplitude may be constructed if the massless multiplets are chiral and vector. Only the superamplitudes with massless vector multiplets of the same helicity are non-zero, following from the rules of Section 4.2. These are (calling m the nonzero mass)
These superamplitudes would arise, for example, in a theory involving the quantum field couplings [Φ W A W B ] F , for (off-shell) chiral superfield Φ and super-Yang-Mills curvatures W A,B for some Abelian gauge groups (in other words, a massive supersymmetric axion or dilaton-like coupling). Demanding P invariance would imply that a = b (if the massive chiral multiplets in each superamplitude are antiparticles, then the couplings may be related by CP instead). The couplings a and b have the expected inverse mass dimension of an irrelevant interaction. Assuming that, as defined in (5.24), they have no further dependence on the mass of the heavy chiral multiplet, then the massless limit may be taken while holding them fixed (if they instead scale as e.g. ∝ 1/m, then this would obstruct the limit). This gives
and the other components are zero. The superamplitudes for a massive vector multiplet decaying into massless vector and chiral fields may be found similarly. Those that are permitted by the symmetries are (up to coupling constants)
All other helicity combinations are zero. The other allowed decay channel for a massive vector multiplet was found above in (5.22) . The massless limits of the superamplitudes (5.26) and (5.27) converge to the superamplitudes (5.25). Both of these massive and massless superamplitudes may have a common origin, for example in the axionic coupling suggested above, where one of the vectors may become massive through the Higgs mechanism. As in previous cases, the coupling constants for (5.26) and (5.27) may be related by parity.
Finally, we note that it is not possible to find a superamplitude describing the decay of a massive vector multiplet into two massless vector multiplets, which is an expression of the Landau-Yang theorem.
Continuing to the two-massive-leg case, one may construct superamplitudes for massive chiral and vector supermultiplets with a massless vector, which are independent of whether the massive multiplets have the same mass or not:
Taking individual legs massless, one recovers solely those amplitudes already remarked on above. The high energy behaviour of these superamplitudes is poor, scaling inversely with some mass scale contained within the couplings a and b. Next, the superamplitudes for two massive vector multiplets and one massless chiral multiplet may be similarly determined. Using the definitions of the massless chiral supermultiplets in (3.12), the usual arguments determine the three-particle superamplitudes to be
where
These are again independent of whether the massive legs have equal mass or not. Taking the massless limit of the first leg, the coefficients in the Φ − superamplitude, d ∼ m 1 /m 3 to leading order in m 1 and m 3 if the limits are to be both nontrivial and unobstructed. However, in either of these cases, the resulting superamplitudes must be suppressed by other mass scales and, in this sense, are "effective". In contrast, taking both legs massless simultaneously is possible without introducing new mass scales. In this respect, these superamplitudes are merely a special example of the case in which the chiral multiplet is also massive, which will be explained next.
Finally, the all-massive superamplitude for two vectors and a chiral multiplet is determined to be
In the limit that the chiral multiplet becomes massless, the coefficients match on to those of (5.30) and (5.31) as b → d
and a → d To illustrate how the superamplitude (5.33) scales in the UV limit, assume that a =ā/v and b =b/v 2 for some mass scale v of order the leg masses and call constants c i = m i /v for leg masses m i . The leading terms in the limit are then
and similarly for parity conjugate states. All terms in the first line depend upon the couplinḡ a and each term proportional to η † i is accompanied by a factor of c i . In the second line, the first term depends uponbc 1 c 3 , while the second has coupling constantāc 3 . Again, this pattern of couplings reverses for the parity conjugate limits.
However, there are also subleading terms that vanish in the massless limit that cannot be placed into massless superamplitudes. These represent the effective Goldstone boson couplings to the Higgs.
A supersymmetrised version of the argument used in [6] to demonstrate the Higgs mechanism may presumably be made from constructing a four-leg vector superamplitude from demanding consistent factorisation into 3-leg superamplitudes (5.33) on each factorisation channel. Notably, an exceptional case occurs when the Higgs couples to a massive and massless vector boson in a three-particle superamplitude, as in (5.28) and (5.29), which will induce unitarity-violating superamplitudes in the high energy limit in tree-level processes.
Massive and Massless Vector Multiplet Interactions
Let us begin with amplitudes with two massive vector superfields and one massless vector superfield, which has two distinct cases of interest. The first is A(W I , G, W J ), where the two massive vector superfields W and W have the same mass. This arises in many examples, such as the adjoint Higgsing of a simple gauge theory by a single vacuum expectation value (vev), which does not feature any 3-leg amplitudes entirely of massive vectors. In this case, the vectors are conjugates, which is the reason for our choice of notation, although we do not need to assume this at this point. The second is A(W I , G, W J ), where the two massive states are distinct and of different mass. These can occur, for example, in field theories with generalised Chern-Simons terms [34] [35] [36] , where at least one of the vectors is Abelian and has a Stuckelberg mass, whereas another of the vectors may be separately Higgsed. As in the superQCD case above, the positive helicity gluon superfield amplitudes are determined very simply. In these cases one finds 38) where, in both cases, the number of free parameters matches that in the non-supersymmetric amplitude for two massive fermions and one massless vector [6] . As in all previous examples, we have here neglected to show that the coupling constants g and h may have internal quantum number structure. In the first case (5.37), the combination of terms with coupling g corresponds to a massive vector 'minimally coupled' to the massless vector. As has been foreseen in the definition of dimensionless couplings in (5.37), in the limit that m → 0 or, equivalently here, at energies m, these terms converge to their expected massless counterparts.
The term proportional to h would have the perturbative interpretation of an anomalous magnetic dipole moment for the massive vector (or electric dipole moment if it has a complex phase). This term has poor behavior in the UV limit for certain helicity configurations, which is the reason for the tree-level universality of the magnetic dipole moment h = 0 for elementary particles [37] . Note that supersymmetry has set to zero the possible quadrupole structure of the massive vector boson amplitudes that may otherwise exist [6, 38] . This derivation makes obvious the way that supersymmetry determines the vector amplitudes from their fermionic counterparts.
Finally, (5.37) appears to be symmetric under exchange of particles 1 and 3 (x → −x under this exchange -see (4.6)). However, because the superfields are fermionic, the vector multiplets must be distinct.
In the second example (5.38), the coupling a has mass dimension −2. However, unlike for the minimal coupling terms in the case above, the kinematic factors of the component superamplitudes corresponding to the + helicity states (such as A(W + G + W + )) contain terms that merely scale as ∼ O(m i ) in the massless limit (see equations (A.8) in Appendix A.1 for massless limits of spinors). The amplitude must therefore diverge in the high energy E limit as E/M for some mass scale M . Correspondingly, the examples of field theories cited above that feature these amplitudes are only effective up to a UV cut-off.
We can likewise find the negative helicity superamplitude purely from little group covariance and supersymmetry. From the same arguments as in the SQCD case, the Grassmann polynomial must only contain an order-one term.
The tensor F 2αβ is then determined from the little group representations of the legs. In the equal mass case, this gives a superamplitude with two free parameters:
(5.40) Exchange (anti-)symmetry between W and W may be manifested by adding terms proportional to Q † to give
If parity is a symmetry of the theory under consideration, then this relates the superamplitudes of A(W I , G − , W J ) as discussed in Section 4.3. Assuming that the vector multiplets are self-conjugate, this requires that g = g and h = h.
For the case where m 1 = m 3 , the only option which has the correct scaling is
where the coupling b has been redefined in the second line to absorb some factors of mass. If parity is a symmetry of this theory, then one finds b = am 1 /m 3 . In the massless limit, the superfields are expected to decompose as shown in (3.14) . In anticipation of the superamplitudes of the massless components being matched onto by the massless limit of the massive superamplitude, we first determine these directly from symmetries. The constraints of complex three-particle special kinematics, little group scaling and 'locality', in the sense that the three-particle amplitudes do not scale as negative powers of momentum, determine that the superamplitudes of the massless supermultiplets are (neglecting coupling constants):
Other superamplitudes between other possible combinations of massless superfields are also possible, but do not arise in taking the massless limit of (5.37). Choosing a particular helicity configuration in (5.37), the massless limit may be taken using the limits presented in Appendix A.1 and identified with the superamplitudes above. The limits may be calculated explicitly to be 48) and similarly for A(W
. Similar results may be shown for the limits of (5.40). This demonstrates how the supersymmetrisation of the Higgs mechanism operates by combining well-defined UV amplitudes of massless chiral and vector multiplets into single superamplitudes of massive vector multiplets in the IR.
Self-interacting Massive Vector Supermultiplets
A similar analysis may be performed to determine the possible structure of three-leg superamplitudes of massive vector superfields. A general expression will include several special cases, such as when the vectors have equal mass and belong to the same species, as well as the case in which there is only one type of superfield, which must be constrained so that there are no vector self-interactions.
Just as for the cases considered previously, supersymmetry implies that the amplitude has the form
This is the extent to which supersymmetry determines the amplitude. The next step is to determine the number of independent Lorentz structures that can appear in F IJKM 1 . Altogether, there are 6 such independent terms (up to others related by the Schouten identity and kinematic relations):
The superamplitude (5.49) represents the supersymmetrisation of this. Supersymmetry restricts the seven independent couplings of [39] to five. The two prohibited terms are those originating from F 3 terms (for Yang-Mills curvatures F of the vectors), just as for massless amplitudes.
Of the five remaining structures, one can be attributed to the Yang-Mills (tree) coupling. Just as for the Higgs couplings, the expected Yang-Mills vector self-interaction term may be identified by matching the component amplitude (5.51) to the expected expression. Doing so imposes c 3 = c 4 = 0, c 6 = m 2 c 2 and identifies the gauge coupling as c 2 = −2g/ (m 1 m 3 ) . The Higgs coupling c 5 = −m 2 c 1 remains free. This structure, in addition to the Higgs coupling above, are distinguished as having UV limits that converge to massless three particle superamplitudes at leading order.
The remaining four couplings have poor UV scaling and correspond to field theoretic operators upon which gauge invariance is not linearly realised. Two of these (that are CPodd) may be identified with the generalised Chern-Simons terms mentioned earlier (or are generated at loop-level by anomalies), while the other two correspond to the remaining two types of operators that may be constructed from vector multiplets with a single derivative. Of these, one corresponds to the anomalous magnetic dipole moment in the massless limit of one leg in (5.37) and (5.40). Its CP -odd counterpart, in the massless limit, provides the same Lorentz structure, but with a different phase in the coupling. The other two couplings vanish in the limit of a massless leg on-shell.
Further conditions may be used to constrain or interpret the couplings, such as requiring good UV limits and properties of higher leg amplitudes. Two simple examples are provided by demanding that this amplitude matches onto either of the two cases discussed in Section 5.5 in the limit that m 1 → 0.
For the case where we leave m 2 = m 3 , we demand that (5.49) converge to (5.42) and (5.38) for each helicity configuration of the massless vector multiplet. As long as the couplings do not scale as ∼ 1/m 1 , this requires that c 3 = −a and c 4 = −b, up to terms ∝ m 1 . One of the terms with couplings c 1 and c 2 vanishes (which depends upon the helicity choice for index I) while the other degenerates with the c 5 and c 6 terms and so cannot be independently determined. Finally, the couplings c 5 and c 6 (up to inclusion of possible contributions from c 1 and c 2 as just described) match onto the terms in (5.30) and (5.31) and may be identified with the couplings d 1 and d 2 .
In the case where the two remaining masses approach equality, m 2 , m 3 → m as m 1 → 0, we can demand that the coefficients of (5.49) approach (5.37) and (5.40) . This determines the coefficients to be c 1 = c 2 = −g /(m 1 m), c 3 = h/m 2 and c 4 = h /m 2 , while it is required that g = g in the massless amplitudes (so parity must be an accidental symmetry if h = h = 0). These may be easily checked using the spinor limits provided in Appendix A.1. Again, matching onto the superamplitudes with massless vectors, the remaining couplings must be c 5 = −c 6 = g /m 1 , but may additionally have extra terms that would be determined by matching onto the amplitudes with massless matter (5.30) and (5.31). Unlike the previous case, these limits ensure that the mass scale of the couplings is given by m and m 1 , so that, if h = h = 0 (as is true at tree-level in perturbative gauge theories), the amplitudes would have the good UV lim-its arranged by the Higgs mechanism [6] . Note that, as expected from (3.14), the superamplitudes have limits A(W
and involve terms that pick up the extra Grassmann variable η † 1 for the massless superfield. A similar analysis can be performed by instead m 2 → 0 or m 2 → 0 in order to find further consistency conditions on the couplings to match onto the superamplitudes in the previous sections, but we refrain from providing the results here. These are consistent with the identifications of the couplings made above -that is, c 3 and c 4 are associated with the couplings that determined the anomalous magnetic and electric dipole moments in the limits of a massless leg, while linear combinations of c 1 , c 2 , c 5 , c 6 correspond to the tree-level ("D-term") Higgs and Yang-Mills couplings, while c 5 and c 6 also contain the other non-Yang-Mills contact interactions, such as those from induced from Stuckelberg axions and anomalies.
Conclusion
We have here initiated the study of the on-shell properties of supersymmetric theories by developing the on-shell superspace formalism in which states are described in a supermultiplet by their asymptotic quantum numbers -momentum, total spin and polarisationwithout the need to commit to a frame of reference. This was used to construct massive supermultiplets and represent these in scattering amplitudes of supersymmetric theories, concentrating here on N = 1 theories with multiplets of spin no greater than 1. Purely from the foundational principles of quantum mechanics, special relativity and supersymmetry, we constructed all of the possible elementary on-shell three-point amplitudes.
A more exhaustive study into the extent to which S-matrix postulates constrain supermultiplets and their interactions at weak coupling is warranted. Further constraints upon theories from assumptions about IR properties, such as factorisation or behaviour in the high energy limit, remain to be investigated.
It would be interesting to more broadly catalogue theories characterised by their spectra and interactions from conditions on IR properties and see whether they conspire to imply emergent symmetries or uniqueness properties [6, 31, 40] . For example, consequences of supersymmetry on emergent properties of theories constructible from soft limits were recently investigated in [41] . We do not foresee difficulties in extending our analysis to scattering states of higher-spin composite superfields or including multiplets of supergravity or Kaluza-Klein modes (see recently [15, 42, 43] for a possible application to black holes).
To progress beyond single particle representations and 3-leg amplitudes, some guidance for systematically constructing higher order (loop and leg) amplitudes from infrared (on-shell) properties would be desirable, such as on-shell recursion. However, because the validity of massless recursion is often sensitive to the helicity of the shifted states, the effective combining of massless states of definite helicity into massive particle representations of the (super-)Poincare group poses a potential obstruction. Prospects for overcoming this are most promising in N = 4 SYM where, for massless amplitudes, a myraid of constructibility properties have been discovered. Vestiges of these may remain present on the Coulomb branch, in particular the dual (super)conformal symmetry. In [14] we formulate a massive super-BCFW shift and prove its validity for the construction of all Coulomb branch tree superamplitudes. The constructibility of Coulomb branch superamplitudes seems to arise from a surprising 'nonlocality' present in the three-particle superamplitudes. This remains an interesting avenue for future work.
for some coupling constant g. This method of deducing little group structures built out of spinors is used repeatedly throughout this work in constructing superamplitudes.
Part of the utility of this formalism is that the little group indices are an internal degree of freedom and allow for the polarisation to be projected onto any external spin frame or axis. The procedure for doing this is discussed in [6] . In practice, we find that it is clearest to abuse notation and, once such an external frame is specified, simply reinterpret the little group indices as referring to components along this direction. In particular, as it is often most useful, especially in taking massless or high energy limits, to choose spin frames for each particle aligned with their momenta (so that the little group indices simply become helicity indices), we will leave this choice implicit unless stated otherwise.
In this case, the spinors have massless limits where the remaining spinors |q] and |q become the reference spinors and are ambiguous in the massless amplitude, as their direction arrived in taking the limit is arbitrary (up to requiring [qp] , qp = 0). In practice, it is often possible to take the limit while avoiding the introduction of the reference by using momentum conservation and other identities. For 3-leg amplitudes involving the factor x, the following identities are useful: 
A.2 Grassmann Calculus
The Grassmann variables may be imbued with SU (2) little group indices η I . In this case, Grassmann differentiation may be defined in the usual way: η I η J = −variables to absorb the supertranslation, the resulting integrand is completely independent of η i,I , so integrating over it will give 0. The component amplitudes obtained by such projections must therefore be 0 by supersymmetry. Simple illustrative examples of this are the squark-antisquark and n-gaugino amplitude and the squark-antisquark n-gluon amplitude.
Identical arguments in the η † basis may be used to show that the CP -conjugate amplitudes are also 0. Identical arguments also demonstrate that amplitudes with additional squark and antisquark pairs ( Q R , Q L ) are 0.
Vanishing amplitudes of massive quarks, states of non-trivial polarisation, may also be obtained similarly. If all of the little group axes of the quarks are aligned, then the transformation η j,J − i [θj J ] does not affect the Grassmann numbers with opposite spin components to J -which is now the same direction for each massive field. Thus the superamplitude integrated over only these components will be independent of the Grassmann variable that is being eliminated, so must vanish. This derives the fact that amplitudes with quarks and antiquarks all of identical polarisation are 0, as well as those that include some number of gluons or gauginos of identical helicity. These include amplitudes that are inherited by pure QCD at tree-level. The argument can be easily combined with that used in the previous paragraph to extend these vanishing amplitudes to those involving squarks.
The extra degree of freedom in the supersymmetry parameter can be further utilised to derive the vanishing of a further class of amplitudes. Choosing C = −i m
(if j is massless, omit its little group index in this expression), the Grassmann variable for leg j does not shift under the supersymmetry transformation performed in the examples above. This means that the variables η j,K need not be integrated in order to obtain a vanishing amplitude. Thus one extra particle in any spin state may be added to any of the amplitudes above and the result will still be 0.
Tree-level amplitudes involving a quark-antiquark pair and any number of gluons of the same helicity have been previously determined in [3, 47] and little group covariantised in [48] . A compact expression exists that may be derived inductively using BCFW recursion by shifting the massless legs in the usual way [49] . The superamplitudes to which these amplitudes belong have the interesting property that they are fully determined by a single component amplitude, which we show in Appendix B of [14] by projecting these superamplitudes out from the massive N = 4 theory.
